Combinatorial Mathematics (Mong-Jen Kao): Homework #4 Due: March 20", 2022.

Problem 1 (20%). How many integer solutions of z; + xo + x3 + x4 = 28 are there with
1. 0<a; <127
9. —10 < ; < 207

3. €T; Z 0, T S 6, ) S 10, T3 S 15, Ty S 217

Problem 2 (30%). Let F be a set family for the ground set X and d(z) be the degree of
any x € X. Use the double counting principle to prove the following identities.

Z d(x) = Z Y NA| for any Y C X.

zeY AeF
ddx)? =) ) dx) = > ) |AnBI.
zeX AeF z€A AeF BeF

Problem 3 (20%). Prove that for any two sets I C J,

S (v 1, ifI=J,
0, ifI#£J.

ICKCJ

Hint: Rewrite the summation and use the binomial theorem.

Problem 4 (15%). Let H be a 2a-dense 0-1 matrix. Prove that at least an «o/(1 — «)
fraction of its rows must be a-dense.

Problem 5 (15%). Let X be a finite set and Ay, As, ..., A,, be a partition of X into mutually
disjoint blocks. Given a subset Y C X, consider the partition Y = B U By U ---U B,,, with
the blocks B; defined as B; := A;NY . For any 1 <1 < m, we say that the block B; is A-large
if

|Bil > \- M
|Ail X
Show that, for every A > 0, at least (1 — ) - |Y| elements of Y belong to A-large blocks.




