























184 Chapter 4: Connectivity and Paths

and let Z = {i: x; € T}. Since c(x;y;j) = 0o, we cannot have x; € S and y;; €
T; thus y;; € S whenever i or j is not in Z. To minimize capacity, we put
yi.j € T whenever {i, j} € Z. Now cap(S, T) = 3,z (W —w;) + 3; ;22 %i.j- The
condition that every cut have capacity at least )_ a; ; becomes

Z(W —w;) > Z a;,j for all Z C [n].
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Note that this condition is obviously necessary; it states that we need enough
leeway in the total wins among teams indexed by Z in order to accommodate
winners for all the games among these teams. We have proved TONCAS. n

Combinatorial applications of network flow usually involve showing that
the desired configuration exists if and only if a related network has a large
enough flow. As in Application 4.3.16, the Max-flow Min-cut Theorem then
yields a necessary and sufficient condition for its existence. Other examples
include most of Exercises 5~ and also Exercise 13 and Theorems
4.3.174.3.18.





